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Abstract

A new method for evaluating the ability of a sorting process to attain a specific set
of goals is presented. This ability is characterized by an inefficiency number, 1, which
ranges between zero and unity, Processes which fractionate objects without commit-
ting sorting errors are characterized by an I of zero. Separation processes which merely
subdivide a collection of objects without regard to their type are characterized by an J
of unity. The inefficiency number of a sorting process is calculated from observations
of the number and type of errors it makes while sorting a representative collection of
objects. The cost of these sorting errvors is then assessed by determining how much
these errors detract from the goals of the sorting procedure. This cost is then divided
by the cost of randomly sorting the same collection of objects to yield the inefficiency
number of the process being evaluated.

Separation processes are techniques which subdivide a mixture of objects
into two or more physically separate sets. The ability of a separation
technique to impart a desired order (usually spatial) to the mixture of objects
sorted is the primary criterion by which the performance of the technique is
measured. Unfortunately, current methods for evaluating the performance of
separation techniques are rather limited. The bulk of these methods (/-4)
have been developed to ascertain the capacity of chromatographic processes
to separate a two-component mixture, Attempts to evaluate the ability of
separation processes to sort multicomponent systems (5,6) have used
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entropy as a measure of performance. However, these methods cannot be
easily used to evaluate the performance of a sorting process in terms of the
specific goals of the procedure when more than two components are being
ordered. The intent of this article is to describe two methods for evaluating
the ability of a separation process to achieve a specific set of goals.

The rationale behind these techniques began with the assumption that the
fewer sorting errors made while fractionating a collection of objects, the
better a sorting process will be. This assumption was modified to account for
the fact that not all sorting errors are equally detrimental to the goals of a
sorting procedure. Thus the performance of a separation process can be
measured in terms of the cost of the sorting errors made by the process while
sorting a given collection of objects. The cost of a given type of sorting error
refers to~and is directly proportional to the extent to which it detracts from
the goals of the sorting procedure. The total cost, and therefore performance
of a separation procedure, is determined by the number and severity of the
sorting errors made while fractionating a collection of objects. This concept
forms the basis of the following methods for evaluating the performance of a
separation process.

METHOD 1

The first method for evaluating the performance of a sorting process is a
general technique of almost universal application. Description of this method
is facilitated by the use of the following conventions. A sorting process is
regarded as a procedure for dividing a collection of 7 objects of k different
types into g fractions. Objects of type i will have been correctly sorted only
when placed into fraction i. A perfect sorting process is one which makes no
sorting errors. A random sorting process is one which sorts a collection of
objects in such a manner that the ratio of the different types of objects in each
fraction is the same as in the unsorted parent sample. Equivalently, a
collection of objects is randomly sorted when it is merely divided without
regard for which object goes into which fraction.

The first step in evaluating a sorting procedure is to select a representative
collection of objects for the procedure to sort. A representative sample is
necessary in that the performance of a sorting process is often dependent
upon the composition of the sample it sorts. The sample should also be well
mixed to ensure that it is not ordered in a way which could affect the
performance of the separation process. After the sample has been mixed, it is
sorted by the process being evaluated and the composition of each fraction
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created is determined. The composition of any fraction, j, can be described in
terms of a state vector, S;:

S,'= S“e] + S,‘Zez + S,-3e3 + D Sikek (1)

where S;;, S, and Sj; are scalar quantities referring to the number of objects
of type 1, 2, and &, respectively, which are present in fraction 7, and e, e,,
and e; are mutually orthogonal unit vectors which denote the presence of
objects of type 1, 2, and k, respectively. After a sorting process has
fractionated a given collection of objects and the composition of each fraction
is determined, the distribution of objects created by the sorting process can
be represented by a state matrix, S:

Sy Sz Siso- 0 - Sk
=[5 2 S»o ot Sw )
Sql SqZ Sq3 ) : ' qu

where the ith row represents the state vector describing the composition of
fraction i.

After the results of the sorting process have been described in terms of a
state matrix, it is necessary to assign a penalty to each sorting error made and
determine the sum of these penalties. The magnitude of the penalty which is
assigned to a given type of sorting error is proportional to the extent to which
the sorting error compromises the goals of the sorting process. Penalties
associated with the different types of errors incurred during the formation of a
particular fraction can be denoted by a k dimensional penalty vector, E:

E;=E;e; + Epe, + - - - Epey (3)

where E; is the penalty vector for fraction i, and E;;, E, and Ej; are scalar
quantities representing the penalties assigned to objects of type 1, 2, and %,
respectively, placed in fraction i. Penalties can be assigned to the sorting
errors made while creating a particular fraction and summed by .taking the
dot product of the state vector and the penalty vector for that fraction. This
dot product represents the sum of all of the penalties due to the sorting errors
made while creating that fraction. The total penalty or cost, C, associated
with a given sorting procedure is therefore equal to the sum of the dot
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products for every fraction created by the process. This cost can be
represented by the following equation:

(S11ep + S+ - - - Spieg) - (Eilel +Ee,+ - Eyey) +
(Sye + Syey+ - - - Syuer) - (Eye T Epjey + 0 0 - Ene) +
C= . (4)

(Sqiey + Spey + -« - Spper) ~ (Egiey T Egyey + - 0 - Erey)

This measure of cost can be used as an index of the ability of a separation
process to achieve sorting goals, as cost is inversely proportional to
performance, However, the cost of sorting a given collection of objects will
vary with the size and composition of the objects sorted. These difficulties
can be eliminated by normalizing the cost measured for a separation
process.

The cost of a separation process, C, can be normalized by dividing it by
the cost, Cg, that would be incurred had the sorting process fractionated the
objects by placing the same number of objects in each fraction as before but
without regard to object type. Under these circumstances the ratio of the
different types of objects in each fraction is the same as in the unfractionated
sample. The ratio of the measured cost of a sorting process to the cost of
sorting the same objects randomly, C/Cp, yields a dimensionless number
which will be termed an inefficiency number, 1. A more detailed example of
this method of calculating the inefficiency number of a sorting process is
given in Appendix A.

The majority of separation processes are characterized by inefficiency
numbers which lie between zero and unity. Separation processes which make
no sorting errors warrant an inefficiency number of zero. Separation
processes which sort objects randomly are characterized by an I of unity.
There are, however, two instances in which I can assume a value greater than
one or less than zero. When the cost of the sorting errors made by a
separation process exceeds the cost incurred during a random sorting of the
same objects, the inefficiency number of the process exceeds unity.
Processes characterized by inefficiency numbers greater than unity should be
avoided, as a random sorting of a collection of objects will yield results closer
to those desired. Inefficiency numbers can be less than zero when negative
penalties can be assigned. However, for now it will be assumed that all
sorting errors are of a detrimental nature and will be assigned only positive
penalties.
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METHOD 2

The second method for evaluating the performance of a sorting process is
designed for situations in which it is not possible to readily determine
whether sorting errors have been made. The applicability of this procedure is
limited, however, to situations in which the collection of objects to be sorted
contains equal numbers of the k& different types of objects to be sorted and the
scparation process can sort the collection of objects into & fractions of equal
size. Although these restrictions seem severe, this evaluation process is still
applicable to a large variety of useful sorting techniques. A specific example,
presented in Appendix B, concerns fractionation processes which sort red
cell populations into equal sized fractions of increasing density.

The first phase of this method is similar to that of the first technique. A
representative sample of the objects to be sorted is well mixed and
fractionated into k fractions. All of the objects in each fraction are then
marked with a label given only to the objects in that fraction. The labeled
objects are remixed and resorted as before. When this is done the
composition of each fraction is described with a state vector, T;:

T,=T;e, + They + Tizey+ - - - Tyey (5)

where T; is the state vector for fraction i, T; represents the fraction of cells
sorted into fraction { after having been initially sorted into and labeled in
fraction, and e, e,, and e, are mutually orthogonal unit vectors denoting the
presence of cells which had initially been sorted into fractions 1, 2, and &,
respectively. The results of the sorting process can also be fully described by
a state matrix, T, with components T};, which indicates what fraction of each
type of labeled objects was placed in every fraction.

Penalties for sorting errors are assigned and summed by calculating the dot
product of each state vector, T;, and penalty vector, E,;. For every fraction
produced, penalty vectors are created by the same process used in the
first technique. Namely, those sorting errors which would cause the greatest
damage to the goals of the sorting process are assigned the largest penalties.
When all of the dot products for the process have been summed to obtain an
estimate of the cost of the sorting process, the cost of randomly sorting the
objects is calculated. This is easily done as each of the coefficients for the
state vectors will be 1/k, as the collection of objects sorted contained equal
numbers of & different types of objects and all fractions contained an equal
number of objects. When the estimated cost of the sorting process is divided
by the cost of randomly sorting the objects, a dimensionless ratio, J, is
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obtained. This ratio will be called an inconsistency number and it has the
same general propeties as an inefficiency number. However, because the
distribution of labeled objects was used to estimate the actual distribution of
object types, J(O < J <) underestimates the actual performance of a separa-
tion process.

Although J can be used as an estimate of the performance of a separation
process, it is possible to obtain a much better estimate by calculating the
relationship between I and J. The relationship between I and J is controlled
by the way in which the actual distribution of object types, S, determines the
distribution of labeled objects, T.

When a sorting process fractionates a collection of & different types of
objects into k fractions, the probability that an object of type j will be placed
in fraction i should depend only on the type of object and the fraction
involved. Thus, if P; represents the probability that an object of type j will be
placed in fraction 7, the composition of fraction i can be characterized by the
state vector, S;:

S

(= Py + Ppey+ - 0 - Pyeg (6)
The composition of fractions can be adequately described in terms of the
fraction of each type of object in them, only because every fraction is of the
same size. If all of the P;; values (1 </, j < k) for a given sorting process are
known, the distribution of the various types of objects is given by the state
matrix, S:

Py, P, P; - - - Py
S = Py Py Py - - 0 Py 7
Py Py Py - -+ Py

When neither time, the sorting process, nor the labeling of the fractions
created after the first sorting alter the various Py, it is possible to prove
(Appendix C) that the actual distribution of object types represented by state
matrix S uniquely determined the distribution of labeled objects represented

by state matrix T. Namely, S times transpose S equals T or:

PP, P, PPy - -+ P, TyTy, - - - Ty
PPy -t 0 Py PPy -0 Py Ty Ty T2k(8)

PuP, - Py PyPy - - - Py TaTe, - - ¢ Tk
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Thus, if the manner (S) in which a separation process fractionates a
collection of objects is known, it is possible to predict the distribution of
labeled objects (T) that would occur when the fractions specified by state
matrix S are labeled, remixed, and resorted. Unfortunately, the converse is
not true. It is generally not possible to specify the particular S matrix which
gave rise to an observed T matrix. However, it is still possible to estimate the
inefficiency number for the separation process due to the fact that the
infinitely large family of S matrices associated with a given T matrix
produces a distribution of inefficiency numbers which can be characterized
by a mean, standard deviation, and other statistical measures of dispersion.
Thus, if all of the S matrices which could have given rise to an observed T
matrix are equally probable, the mean of the inefficiency numbers associated
with the family of S matrices is the probable inefficiency number for the
observed T matrix. The task of estimating the probable inefficiency number
of a separation process from an observed distribution of labeled objects is
therefore one of generating all possible or at least a representative sample of
the probable S matrices which could have given rise to it. The mean,
minimum, and maximum of the inefficiency numbers associated with these S
matrices provide an estimate of the true performance of the process being
evaluated.

The actual method of estimating the inefficiency number of a process from
its measured inconsistency number is somewhat more circuitous than the
process described above. This is due to the complexity of the algorithms for
generating S matrices which would _yield an observed T matrix. An
alternative to the procedure described above is to mathematically model the
sorting process by randomly generating S matrices which have an ineffi-
ciency number of 0.01. As each S matrix is generated, the T matrix
determined by it and the inconsistency number of the T matrix are
calculated. When a large number (e.g., 4000) of S matrices with a given
inefficiency number have been generated, the mean, minimum, and max-
imum of the inconsistency numbers of the associated T matrices are
recorded. This process is repeated for S matrices which have inefficiency
numbers of 0.02, 0.03, and for every other I value between O and 1 at
increments of 0.01. The minimum, maximum, and mean values of the
inconsistency numbers of the T matrices associated with a family of S
matrices are then plotted as in Fig. 1. Once this plot has been established, the
probable inefficiency number of a process whose inconsistency number has
just been measured can easily be determined. For example, if an inconsis-
tency number of 0.20 had been measured for the process modeled in Fig, 1,
the probable inefficiency number of the process would be 0.10. However, the
inefficiency number of the process could have been as high as 0.125 or as low
as 0.085.
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F1G. 1. Relationship between inconsistency number and inefficiency number. The relationship
between I and J is shown here for a separation process sorting equal numbers of three kinds of
objects. The penalty vectors for the three fractions are E; =0e; + 0¢; +0e3, E; = l¢; +
Oe; + Oej, and E3 = 2e; + O¢; + Oe;3. The solid line represents the mean value of J derived from
a family of S matrices having a common inefficiency number. The relationship between 7 and J
was established at 100 incremental points between O and 1. At each point 4000 S matrices were
generated to estimate the mean, minimum, and maximum values of J associated with a given J
value. The shaded area denotes the limits of the J values associated with the S matrices used to
calculate a mean J value. This particular relationship between [ and J was generated on the
condition that sortings worse than random would not occur. Thus Py > Py > P(3; Py > Py,
Py P33 > Py3 > Py3.

When the relationship between the inconsistency number and the
inefficiency number for a given fractionation scheme has been established,
the procedure for comparing the ability of two separation processes to
achieve the goals of the scheme is straightforward. The inconsistency
numbers for both processes are measured and with the aid of modeling
studies used to determine the range of inefficiency numbers each process
might have. If the range of possible inefficiency numbers associated with one
separation process does not overlap that of the other process, the process
with the lower probable inefficiency number is clearly superior. When the
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ranges of the probable inefficiency numbers for the two processes overlap,
more information concerning the distribution of I values associated with a
given J value is needed to determine whether any differences in the J values
of two processes are statistically significant. Information of this sort will
depend on the development of algorithms for generating S matrices from a
given T matrix.

In conclusion, two methods of evaluating the performance of a separation
process have been presented. These methods make it possible to determine
which of a variety of sorting processes is most able to meet a selected set of
goals, Furthermore, these methods can improve the ability of a given sorting
technique to achieve specified goals by using them to determine which
modifications of the technique optimize its performance.

APPENDIX A

As a specific example of the use of the first technique, consider the
problem of evaluating the ability of a separation process to separate a
mixture of three types of objects, types 1, 2, and 3, respectively, into its
component parts, Assume that the sorting process fractionated a mixture of
57 objects (9 of type 1, 30 of type 2, and 18 of type 3) into 3 fractions.
Fraction 1 contains 7 objects of type 1, 5 objects of type 2, and 3 objects of
type 3. Fraction 2 contains 1 object of type 1, 20 objects of type 2, and 6
objects of type 3. Fraction 3 contains 1 object of type 1, 5 objects of type 2,
and 9 objects of type 3. The state vectors for the fractions created by this
process are:

S;=17e, + 5¢, 4+ 3e; 9)
S,=1e¢e, + 20e¢, + Ge; (10)
S;=1le; + 5e;, + 9e, (11)

where the coefficients in these equations correspond to the total number of
each type of object in a particular fraction. The results of the sorting process
can also be represented by the state matrix, S:

7 5 3
s={ 1 20 &6 (12)
1 5 9

To assess the total cost of this sorting procedure requires a knowledge of
the penalty assigned to each sorting error. Assume that the penalty assigned
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is proportional to the “distance” an object is from its proper fraction. For
example, objects of type 3 in fraction 1 would be assigned a penalty of 2,
while objects of type 1 or 3 which were found in fraction 2 would be given a
penalty of 1. In that all sorting errors have a detrimental cffect on the goals of
this sorting process, all penalties will have a positive sign. From the
aforementioned rationale for assigning penalties, the penalty vectors for this
hypothetical sorting process can be written as -

E|=Oel+lez+2e3 (13)
E2=1e|+0e2+1e3 (14)
E;=2¢; + le, + O¢; (15)

The total cost, C, incurred by this hypothetical sorting process is
calculated by summing the dot products of the state and penalty vectors for
every fraction. Thus,

(7Te, +5¢,,+ 3e;) - (Oe; + 1ey, + 2e3) +
C= (le;, +20e, +6¢3) - (le; +0e,+ 1e3) +=25 (16)
(le; + 5¢, + 9e;3) - (2¢; + le, + Oej)

The final stage in characterizing the performance of this separation process
is to convert the cost of the separation process to an inefficiency number and
thereby create a normalized estimate of performance. The use of a
normalized cstimate of cost has the advantage that its magnitude is not
dependent on the size of the sample sorted, only its composition. To
normalize the cost of fractionating a collection of objects, it is necessary to
calculate the cost of sorting the same objects on a random basis. The state
vectors describing the distribution of object types after they have been
randomly sorted are determined by two requirements. Each fraction created
by the random sort must have the same number of objects as the fractions
created by the process being evaluated. The ratio of the different kinds of
objects in these fractions must be the same as in the unsorted sample. Thus
the state matrix, S, for the random sorting of the objects in this example
is:

2.37  7.89 4.74
S,= | 4.26 1421 8.53 (17)
2.37 7.89 4.74
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The cost of this random sorting, Cp, can therefore be expressed as

(2.37e+ 7.89e, + 4.74¢3) - (Oe + le, + 2¢;) +

Cr= (4.26¢, + 14.21¢e, + 8.53e;) - (le; + 0e, + lej) +
=42.79 '
(2.37¢; + 7.89¢, + 4.74¢;) - (2¢; + le, + Oe;) (18)

Thus the inefficiency number for this sorting process is 0.58.

The versatility of this technique can be deduced from the observation that
the technique can be used whenever the objects being sorted can be readily
distinguished from one another. The nature of the sorting process is
immaterial as it might be concerned with different types of cells, molecules,
fibers, scrap metals, rocks, or people applying to a social club. Similarly, the
penalty assigned to sorting errors are arbitrary and should reflect the goals of
the sorting procedure, Thus penalties for some of these sorting procedures
might be as follows: scrap metal sorting errors might be assessed in terms of
dollars per pound to remove the incorrectly sorted metals, incorrectly sorted
molecules might be assigned penalties reflecting the extent (ppm/mole
percent/gram percent) that the errors alter the purity of the various fractions,
and the penalty for incorrectly sorted people might be measured in arbitrary
stress units or in terms of the loss of productivity for the other members of the
club.

APPENDIX B

As an example of the type of process the second evaluation method is
designed for, consider the problem of sorting a red cell population into
thirds based on the density of the cells. In that it is not currently feasible to
determine the density of large numbers of individual cells, the number of
sorting errors made during a fractionation procedure cannot be determined
directly. Therefore, the first technique for evaluating the ability of a
separation process to sort cells on the basis-of their density cannot be used.
The second method can be used in this instance, as there are equal numbers
of each type of cell and when the cell population is fractionated into thirds,
each fraction created will contain an equal number of cells.

The first step to the second method requires that the method to be tested
sorts a well mixed, typical sample of red cells into three equal fractions of
increasing density. The cells in each fraction are then marked with a label
unique to that fraction. Tritiated glucose or *C-glucose would provide an
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excellent label for this purpose. After the cells have been labeled, they are
remixed and separated by the same process as before into three equal
fractions of increasing density. Assume that when the distribution of labeled
cell types is determined, the following T matrix is obtained:

4850  .3375 1775
T=|{.3375 3750  .2875 (19)
A775 .2875 .5350

This matrix would be obtained if 48.50% of the cells initially sorted into
fraction 1 were subsequently sorted into fraction 1, 33.75% were sorted into
fraction 2, and 17.75% were sorted into fraction 3. Of the cells initially
sorted into fraction 2, 33.75% would subsequently be sorted into fraction 1,
37.50% into fraction 2, and 28.75% into fraction 3. Similarly, of the cells
initially sorted into fraction 3, 53.0% would be resorted into fraction 3,
28.75% into fraction 2, and 17.75% into fraction 1.

In creating the penalty vectors for this process, assume that the goals of the
process were to place cells of type 1 in fraction 1 and that the position of the
other cells was unimportant. Penalties would only be given to cells of type 1
placed in fractions 2 or 3. The magnitude of the penalties would be 2 when
the cells were present in fraction 3, and 1 when present in fraction 2. Given
these penalties, an estimate of the cost of the sorting process is:

(0.4850¢, + 0.3375¢, + 0.1775¢;) - (Oe, + Oe, + Oe;) +
C=(0.3375¢, + 0.3750e, + 0.2875¢,) - (le; + Oe, + Oc;) + = 0.6925
(0.1775¢, + 0.2875¢, + 0.5350¢,) - (2¢, + Oc, + Oc;) (20)

To calculate the inconsistency number for this purpose, it is necessary to
compute the cost that would be incurred if this collection of objects were
sorted randomly. Thus cost, Cp, is:

(Ve + Yse, + Yse;3) - (Oe, + Oe, + Oe;) +
Cr= (Yse, + Yse, + Yie;) - (le; + 0e, + 0e;) +=1.00 (21)
(Yse; + Yse, + Ye;) - (2e, + Oy + Oey)

Thus the inconsistency number for this separation process, J, is 0.6925/
1.00 = 0.6925. As previously mentioned, this estimate of the performance of

" the separation process always makes the process seem much worse than it is.
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Consider, for example, that either of the two following S matrices could have
given rise to the T matrix presented.

6000 .2500 .1500

S, = (.3500 .5000 .1500) (22)
0500 .2500 .7000
6500  .3269  .0231

S, = (2000 .4808 .3192) (23)
1500 .1923  .6577

The inefficiency numbers associated with matrices S, and S, are 0.45 and
0.50, respectively, and each inefficiency number is smaller than the estimate
of performance provided by the inconsistency number measured for the
process. To obtain a better estimate of the probable inefficiency number of
the separation process which provided the observed T matrix, it is necessary
to generate a mathematical model of the separation process. For the present
example this model must be able to generate S matrices similarto S, and S,,
which have a predetermined (e.g., 0.01) inefficiency number. In generating
these matrices, it is useful to reject matrices which correspond to physically
unlikely situations. An example of a physically unlikely situation in the
present case would be when there were more of the least dense cells in the
heavy fraction than the light fraction and vice versa. Given this restriction,
the model is allowed to generate a large number of S matrices having one
inefficiency number. For each S matrix generated, the inconsistency number
of the T matrix that would have been derived from it is calculated and stored.
When a sufficient number of these S matrices have been generated, the
mean, minimum, and maximum of the inconsistency numbers for the
associated T matrices are determined and stored. This process is then
repeated for S matrices having a different inconsistency number at incre-
ments of 0.01 for every inconsistency number between zero and unity.
Finally, the relationship between J and the probable value of I associated
with it can be determined for a given process by plotting the mean, minimum,
and maximum values of J which are associated with S matrices of a given I
value. This has been done for the present example in Fig. 1. Thus the
probable inconsistency number for the process given in this example
(J =0.6925) is 0.49. However, the true value of the inconsistency number
could range between 0.35 and 0.61.
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APPENDIX C

The purpose of this appendix is to prove that the relationship between state
matrix T and state matrix S can be expressed as T =S times transpose S.
This proof begins with the following assumptions.

1) The probability that an object of type g will be sorted into fraction j
(1 <Jj, g < n) by a sorting process can be represented by the quantity Pj,.

2) P, is only dependent upon the type of object and the fraction involved.
Neither the size of the collection of objects sorted nor its composition will
alter P,

3) Neither time, the sorting process, nor the label affixed to the objects in
the various fractions affect P,

An immediate consequence of the first assumption is that the state matrix,
S, for a given sorting process can be written as

Py, P, Py e P,
Py, Py, Py; B Py,

s={ - . . . (24)
Pnl PnZ Pn3 ot Pnn

where an element, P, of this matrix represents the fraction of cells of type k
which have been sorted into fraction i. A consequence of the first and third
assumptions is that the probability of an object of type g being initially sorted
into fraction j and subsequently into fraction 7 after it has been labeled,
remixed, and resorted is Q;;, where

Q;; can also be viewed as the fraction of objects of type g which were
initially sorted into fraction j and subsequently into fraction i. Consider the
sum of the fractions for every object type which was initially sorted into
fraction j and subsequently into fraction 7:

X PP, (26)

q=1

Since all fractions have equal numbers of objects in them, this sum represents
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the fraction of objects in fraction 7 which had previously been sorted into
fraction j. Given this relationship, it is possible to express the distribution of
labeled objects as represented by state matrix, T, as

qgl P1oPyg qz=:| ProPaq *

T= qgl P2 Prq q‘g‘l PayPyq Z PyoPrg (27)

,,gx P,,qP,qqgl PPy v - ,E PP

This expression for T is identical to the expression obtained if the matrix
expressed in Relationship (24) is multiplied by its transpose, thereby proving
T = SS7. It should be noted that this relationship holds only for those
specific separation processes which the second evaluation process can be
used on and when the elements of the state matrices represent the fraction of
a particular type of object present in a given fraction.
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